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I t is instructive and interesting to find hidden numbers by using different 
positional numeration systems. Most of the present guessing teehniques 
use the binary system expressed as less-than, greater -than or 
present-absent type information. This artiele deseribes how, by emplo 5 dng 
four eards having integers 1-64 written in different eolours, one ean guess 
the seeret number held by the player. This game ean be used as a teaehing 
aid for demonstrating base-4 representation of numbers or the eoneept of 
isomorphism. 


The framework 

The game is simple: ask a student to seleet an integer between 1 and 64, 
and bet that you will diseover it by asking three questions. Then show that 
person three eards and ask, “What is the eolour of your seeret number 
here?” 

Assume that you get answers “Blue” for the first eard, “Yellow” for the 
seeond eard, and “Green” for the third eard. 

Then you say, “Your seeret number is 28.” When 1 tried this game with 
my students and friends, their reaetion was always a great surprise at how 
the number eould be guessed so easily. 

It looks very natural for us to use a positional number system in base 1 0 
beeause human beings use their fingers for eounting; but mathematieally it 
is eompletely valid to use any other base equal to or greater than two. For 
example, binary, oetal and hexadeeimal arithmeties are used in eomputing 
and programming. Time and angle measurements rely on sexagesimal 
(base-60) system. Although quaternary (base-4) numbers are not very 
eommon, there are some areas appropriate for their usage: it is possible to 
represent direetions by a base-4 system. 
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Base-4 also can be used in genetic coding of DNA. The four nucleotides 
are abbreviated as A, C, G and T. Therefore nucleotide sequences can be 
represented numerically by coding these letters asA = 0, C = 1, G=2, and 
T = 3. Proposed first by Adleman (1994), DNA or molecular computation 
emerged as a new research area. During the last decade, hundreds of 
research papers appeared describing biomolecular computation techniques 
for various challenging problems which require extremely large parallelism 
and memory in conventional electronic-based computers (Garzon et al., 
2004; Jonosca, 2004). 

It might be surprising to convey and get information by using different 
bases. If there are b different digits, 0 , 1 , ..., b - 1 in our system, it is 
possible to write any integer N by using the positional numeration system 
a^a^_i...aiaQ which corresponds to 


N = + On^ib" ^ + ... + ajb + Oq 


in expanded notation. 

For example iV = 61 can be written in quinary (base-5) representation as 
N = 221 5 because 


61 = 2 X 5^ +2 X 5^ +1 X 5° 

The same number can be represented in quaternary base (base-4) as 
331 4 . This representation can be extended for expressing the fractional 
parts of real numbers by the use of negative exponents. 


Application to number guessing 

By using the information on the absence or presence of a number on five 
window cards Gardner (1956) developed a mathematical game to guess a 
person’s age. An Internet search will lead to hundreds of sources and 
computer programs dealing with number guessing but almost all of them 
rely on using a binary base expressed as less-than-greater-than informa- 
tion. Among guessing sites, there are some exceptions that use bases other 
than binary: Penny (1997) uses base-3, by arranging numbers on three 
columns and asking the column in which the number is found. By three 
steps, the program discovers the secret number picked from a list of 21 
numbers. The program does not use the full information because in base-3 
with three digits it is possible to guess 3^ = 27 different numbers. 
Bogolmony (2003) uses 25 numbers arranged in a 5 x 5 square. In two 
responses the computer determines the location of the selected number by 
its row and column. To confound the spectators, the computer randomly 
reshuffles the numbers before each displaying. Bogolmony also uses 27 
numbers arranged in three rows and discovers the selected number in three 
steps. 

The game presented by Marmon (2004) works on three-digit integers in 
base- 10 and is more complicated. The player presents a three-digit number 
at each trial; the program supplies information on the number of digits 
correctly guessed and the number of those in correct places. This problem 
is a special case of well-known deductive games such as “Mastermind” and 
“Bulls and Cows” in which a codebreaker tries to discover the patterns 
chosen by a codesetter. Some optimal strategies for these games can be 
found in Yue and Chang (2002), Chen and Lin (2004), and references 
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therein. The authors ealeulate the probability of guessing an n-digit number 
given eertain hints on the number of eorreet digits and propose optimal 
strategies. 

We used the information expressed in base-4 to develop a pleasant game 
in whieh one player diseovers a seeret number seleeted by another player. 
By using three positions, one ean write and diseover 64 different numbers 
ranging from 0 to 63. Base-4 ean be applied in diseovering the numbers 
held in a very praetieal way beeause it may eorrespond to spinning a square 
eard in four different direetions or giving messages by showing four 
different eolours. This base has digits 0, 1, 2 and 3. They ean be replaeed 
by other signals, for example: 

• letters: A, B, C and D; 

• eolours: red, blue, yellow and green (R, B, Y and G); 

• direetions: up, right, down, and left (U, R, D, and L); or north, east, 
south and west (N, E, S and W). 

• quadrants of a square: upper left, upper right , lower right, lower left 

(1, 11, 111, W). 


Therefore one ean eommunieate to a friend by showing eards of different 
eolours arranged in a definite order to eonvey information. For example, if 
the eolours are arranged as GGR, this eorresponds to number 33 O 4 or 60 jq- 
The same information is given by turning a pointer in different direetions: 
WWN. This idea is used to develop a game played by four eards, whieh 
enables us to diseover 64 different numbers. 

In the basie plate shown in Figure 1, integers 1-64 are arranged in a 
definite pattern. As it ean be seen elearly, the 8x8 table is divided into four 
quadrants and eaeh quadrant is divided into eonseeutive sub-seetions. The 
upper left quadrant eontains integers 1-16, eaeh set of four numbers 
written in 2 x 2 eells in eloekwise order. The same pattern applies to other 
quadrants of the table. 

In order to represent four different digits, three eards are prepared as 
depieted in Figure 2. In the first eard, the upper -left 16 eells are opened by 
removing the shaded area. Similar euttings are applied to the seeond and 
third eards by taking off subsequent upper -left quarters. As seen in 
Figure 3, the numbers belonging to the first quadrant are written in red 
eolour. The following quadrant letters are blue, yellow, and green respee- 
tively in the eloekwise order. In the seeond eard, eaeh sub-quadrant is given 

suitable eolours aeeording to its eloekwise 
order. The same pattern is applied in the 
third eard. Although integers 0-63 are 
obtained in three digit quaternary numbers, 
for the sake of eonvenienee we added 1 to 
eaeh number, henee obtained integers 1-64 
In order to diseover the number held by 
the player, show him/her three eards in 
sequenee and ask the eolour of the number 
behind the eard. If the eolour of the number 
is red, put the eard on the basie plate so 
that the blaek dot will be situated upward. If 
the number is blue, the eard will be turned 
to plaee the dot at right. For yellow and 
green numbers, the dot will be situated at 
bottom and left respeetively. The eorrespon- 
denee between digits, eolours, direetions 
and quadrants is summarised in Figure 4. 
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Figure 1. The basic piate. 
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Figure 2. Template for the three window cords, 
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Figure 3. Tables showing the numbers written behind the first, second and third 

windows. 


Digit 
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Figure 4. The correspondence between digits, colours, directions and quadrants. 
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Formally speaking, there is an isomorphism between sets defined by 
digits, eolours, directions and quadrants therefore we are able to discover 
the number held by the player. In mathematics isomorphism is defined as 
a one-to-one correspondence between the elements of two sets such that 
the result of an operation on elements of one set corresponds to the result 
of the analogous operation on their images in the other set. It is possible to 
define a one-to-one onto function between isomorphic sets. In this sense, 
the number guessing game is a pleasant example with which teachers can 
introduce the concept of isomorphism. 


Example 

Assume that the player holds the number 34. Then: 

1 . Turn the dot in the first card down, because 34 is yellow in the first 
card. 

2. Keep the dot in the second card up, because 34 is red in the second 
card 

3. Turn the dot in the third card right, because 34 is blue in the third 
card. 

Now all numbers are covered except 34. 

The range of integers can be enhanced by using more than three cards. 
For example by using 5 cards, it is possible to discover 4^ = 1024 different 
numbers. 

It may be more attractive to place pictures of objects, animals or fruits 
instead of numbers in the basic plate. In this case each picture will corre- 
spond to an integer and the procedure will remain the same, by replacing 
the numbers on the cards by objects with the same colours. By imposing 
suitable range restrictions, it is also possible to add or subtract base- 4 
numbers by spinning of cards. After some experience, one can guess the 
numbers without stacking and spinning cards. By multiplying the digits of 
Figure 4 by 16, 4 and 1 respectively and adding mentally, one can guess the 
secret number in a more impressive way. By some exercise it is even 
possible to guess the selected numbers mentally or by the help of a simple 
calculator in k steps if N colours are used to code numbers. 


Educational value and presentation 

According to the AAMT Standards for Excellence in Teaching Mathematics in 
Australian Schools (2006), an excellent teacher must recognise a range of 
effective strategies and techniques for: teaching and learning mathematics; 
promoting enjoyment of learning and positive attitudes to mathematics, 
utilising information and communication technologies. In the domain of 
professional practice, “excellent teachers of mathematics arouse curiosity, 
challenge students’ thinking, and engage them actively in learning.” 
Excellent teachers motivate students to improve their understanding of 
mathematics and develop enthusiasm for, enjoyment of, and interest in 
mathematics. 

Problem solving is a basic component of mathematics learning. 
Accumulation of formal knowledge about concepts and procedures of math- 
ematics has no practical value unless students are able to use these assets 
for problem solving. A well chosen puzzle can be considered as a stimulating 
and challenging problem. By dealing with puzzles students will appreciate 
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the value of problem solving by experieneing the fun and exeitement of this 
proeess. The National Couneil of Teaehers of Mathematies (NCTM) is the 
eounterpart of the AAMT in the United States of Ameriea and it also reeog- 
nises the signifieanee of mathematieal games and puzzle solving in the 
proeess of mathematieal teaehing. Perhaps this signifieanee needs to be 
elaborated? 

Aeeording to my experienee, my eolleagues and students find this 
number -guessing puzzle very interesting and intriguing beeause they 
eonsider the input information insuffieient and irrelevant. How ean you 
diseover a quantitative value by using apparently irrelevant qualitative 
attributes sueh as eolours? After some refleetions and explanations, they 
ean appreeiate the equivalent patterns of numbers, eolours, direetions and 
quadrants. This reasoning experienee helps them to understand the math- 
ematieal eoneepts involved. While this puzzle ean be used as an illustration 
of different base representations of numbers, for more advaneed eurrieula, 
it may also help when teaehing the eoneept of isomorphism in sets and 
ordered fields. 

In applieation, guided- diseovery methods ean be used by passing the 
aetivlty of the lesson to students. In order to inerease the motivation of 
students, the teaeher may allow them to play with eards and diseover 
eertain patterns. In the first step, they wiU diseover the position of different 
eolours on the basie plate; for example, a student inspeeting red numbers 
in the first window eard ean diseover that they are all situated in the upper - 
left quadrant of the base eard. In a similar manner, the student might 
pereeive that the seeond eard divides eaeh quadrant to four sub-regions and 
that these seetions have eolours red, blue, yellow and green in a eloekwise 
manner. Inspeetion of the third window eard will reveal a similar pattern. 
Aeeording to my observations, the seeond step of discovery is the relation- 
ship between colours and spinning positions of the window cards. Students 
will realise that there is a correspondence between dot positions and 
colours in the following manner: 

up = red 
right = blue 
down = yellow 
left = green. 

After these steps, students will be able to identity the isomorphism 
between colours and directions. After a class discussion to reach final 
conclusions, some mathematically-gifted students might carry the 
reasoning further and can allude to base-4 representation of numbers, but 
discovering this representation will generally require guidance by the 
teacher. This is the third step of discovery and, with the help of the teacher, 
students will realise that by using the three digits 0, 1,2 and 3, one can 
produce 64 different numbers in positional representation. The only differ- 
ence from the base-4 representation is that here 1 is added to each number 
obtained. 

Negative attitudes of children to mathematics can be overcome by 
presenting them with more enjoyable teaching material. The student must 
get reward for his/her achievements. By learning how this game can be 
used, students can demonstrate their “magic ability” to their parents or 
friends. They will be the focus of attention in some social gatherings. 
Intellectually stimulating activities can also provide pleasure, entertain- 
ment and create a positive perception of mathematics. 
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Problem Pictures Mathematics Calendar 2010 


This 12-month calendar published by AAMT has 13 stunning full-colour 
A4 photographs with accompanying problems and investigations. 


Problems generally appropriate for Years 4-10+ 


THE AUSTRALIAN ASSOCIATION OF MATHEMATICS TEACHERS INC. 

ABN 76 515 756 909 

POST GPO Box 1729 Adelaide SA 5001 

PHONE (08) 8363 0288 fax (08) 8362 9288 email office@aamt.edu.au, sales@aamt.edu.au 

www.aamt.edu.au 


asmt 

M 


1 calendar: members $22.00 (others $27.50) 

2-4 calendars: members $16.50 each (others $20.60) 
5 or more: members $12.00 each (others $15.00) 
Prices include GST and postage. #AAM2010 


AAMT members said: 

“They are fantastic problems and good 
decoration for the maths classroom.” 

“Great to put up previous year’s calendar on 
classroom walls and corridors of maths area 
to stimulate problem-solving amongst 
students — it really works! While they are 
standing around waiting for classes to begin 
they can often be heard discussing one of the 
pictures.” 

“I buy them for all maths staff and we love 
them.” 

“Calendar relates maths very beautifully to 
the real world.” 


Last year’s calendar sold out, so order early! 
Pre-order your copies now for delivery in October. 
Order by email, fax, phone or post. 
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